Voltage source converter (VSC) based high-voltage direct-current (HVDC) system is a new transmission technique, which has the most promising applications in the fields of power systems and power electronics. Considering the importance of power flow analysis of the VSC-HVDC system for its utilization and exploitation, the improved power flow algorithms for VSC-HVDC system based on third-order and sixth-order Newton-type method are presented. The steady power model of VSC-HVDC system is introduced firstly. Then the derivation solving formats of multivariable matrix for third-order and sixth-order Newton-type power flow method of VSC-HVDC system are given. The formats have the feature of third-order and sixth-order convergence based on Newton method. Further, based on the automatic differentiation technology and third-order Newton method, a new improved algorithm is given, which will help in improving the program development, computation efficiency, maintainability, and flexibility of the power flow. Simulations of AC/DC power systems in two-terminal, multi-terminal, and multi-infeed DC with VSC-HVDC are carried out for the modified IEEE bus systems, which show the effectiveness and practicality of the presented algorithms for VSC-HVDC system.
Introduction
Voltage source converter (VSC) based high-voltage directcurrent (HVDC) is a new technology of HVDC transmission system. Based on pulse width modulation and VSC, the VSC-HVDC system has many merits and attracted wide publicity worldwide [1] [2] [3] . Since the first pilot project application in 1997, the VSC-HVDC system is widely applied in interconnected power system, the connection of distributed generation to power grid, the supply of electric power to islands or offshore drilling platform, the distribution of power to urban power network, and so forth.
The main advantages of VSC-HVDC system are as follows: no synchronization problem of AC system, the feature of supplying power to passive network, the simultaneous and independent control for active power and reactive power, the easy achievement of inversion for power flow, the more flexible control modes, the suitable application for multi-terminal and multi-infeed system, and so on. In the near future, a series of new VSC-HVDC transmission system will be built and put into operation worldwide [1, 4] . As a fundamental analytical method for operation and analyzing of power system, the reliable power flow calculation algorithm is an indispensable tool for AC/DC interconnected power systems [5] [6] [7] [8] [9] [10] . A great deal of research has been conducted in this field. Now there are two critical methods for the power flow analysis of AC/DC systems, the unified iteration technique and the alternative iteration technique [10] [11] [12] [13] [14] . The former has the precision of quadratic convergence and has the better convergence for a variety of control modes of HVDC system. But the realization of the control modes switching for HVDC system is difficult. The latter has the trait of easy programming, especially for the varying process of HVDC control modes. But the alternative iteration technique is sensitive to the operation ways and control modes of the HVDC system and is inclined to the convergence problem.
Mathematical Problems in Engineering
The Newton method is a fundamental and important technology to solve the power flow of power system [6] [7] [8] [9] [15] [16] [17] . In [6] , a Newton-Raphson power flow algorithm is proposed for the VSC-HVDC system. In [7] , the steady power flow of VSC-HVDC is presented based on Newton method and alternative iteration technique. In [8] , an optimal power flow (OPF) model suitable for VSC-HVDC system is presented based on Newton-Raphson algorithm. In [9] , based on Newton method, a new model that considers the operational constraints associated with the MVA ratings of the converters for OPF analysis of VSC-HVDC system is introduced. In these papers, the modeling approach based on Newton algorithm only has the first-order or quadratic convergence, and the convergence precision needs to be further improved.
In recent years, the solution of nonlinear equation has made great progress, especially the modified Newton method with high-order convergence performance [18] [19] [20] [21] [22] [23] . In [23] , the power flow algorithm with cubic convergence is analyzed for power system. Despite the fact that a great many improved algorithms for power flow analysis of AC/DC interconnected networks with VSC-HVDC have been presented in many aspects, few papers use the Newton method of high-order convergence to analyze the power flow of VSC-HVDC system. Moreover, with the VSC-HVDC adding to AC/DC system, the kind and number of the system variables are multiplied, causing the modeling of AC/DC system to become more complex. And with the increase of DC line of VSC-HVDC, the dimension and scale of Jacobian matrix and equations of AC/DC system are increased obviously, causing the efficiency of hand codes to decrease. The automatic differentiation (AD) technology overcomes the shortcomings of hand codes. Compared with other differential methods, such as numerical differentiation and symbolic differentiation methods, the AD has the advantages of no truncation error, the exact solution of Jacobian matrix, the less work of hand codes, and so on [24] [25] [26] . Motivated by the above discussions, we will investigate the problem of power flow for AC/DC systems with VSC-HVDC. Novel third-order and sixth-order convergence of power flow technique based on Newton method will be derived, and the AD technology will be introduced in this paper based on third-order Newton method to raise the efficiency of programming. The effectiveness of the presented arithmetics for VSC-HVDC system is also discussed. These results and observations will help promote the practical applications of high-order Newtontype method in AC/DC systems with VSC-HVDC.
The remaining of this paper is arranged as follows. In Section 2, a mathematical model for the VSC-HVDC system is presented, in which all the AC system equations, the VSC equations, and the control modes of VSC are analyzed basing on steady model. In Section 3, the power flow and converter equations of VSC-HVDC, the mathematical description of Newton method, third-order and sixth-order convergence of Newton-type methods, and the improved third-order Newton method based on automatic differentiation are presented. In Section 4, the methods are applied to the modified IEEE bus test systems with VSC-HVDC. This paper ends with a conclusion finally. 
Mathematical Steady Model of VSC-HVDC System

Per-Unit Value System of VSC-HVDC.
For the simulation and calculation of AC/DC hybrid power systems, the unified per-unit value system should be adopted both for AC system and DC system. In this paper the per-unit value system is introduced as follows [7] :
where B , dB are the reference power of AC system and DC system, respectively. B , B , and B are the reference voltage, reference current, and reference impedance of AC side of the converter, respectively. dB , dB , and dB are the reference voltage, reference current, and reference impedance of DC side of the converter, respectively.
Mathematical Steady Model of VSC-HVDC System.
The VSC-HVDC system consists of at least two VSC stations, one operating as a rectifier station and the other as an inverter station. The VSC stations can be connected as twoterminal, multi-terminal, or multi-infeed DC system with VSC-HVDC, depending on the various different applications fields [1] [2] [3] . The steady state physical model for a multiterminal DC system with VSC-HVDC is shown schematically in Figure 1 . The steady models of VSC-HVDC are given in the per-unit system (p.u.) as follows:
The variables in the equations of (2)- (9) are referenced to the literature [14] .
Steady-State Control Modes of VSC-HVDC.
Owning to having full controllable power electronic switch semiconductors such as insulated gate bipolar transistor and gate turn-off thyristor, VSC-HVDC has the ability to independent control active and reactive power at its terminal. So for each VSC, a couple of regular used control goals can be set [27] .
(1) AC active power control: determines the active power exchanged with the AC system. 
The Improved Power Flow Algorithms of AC/DC Systems with VSC-HVDC Based on High-Order Newton-Type Method
Steady Mathematical Model of Power Flow Calculation of VSC-HVDC System.
For the AC/DC systems with VSC-HVDC, the power flow equations are given as follows [14] . Pure AC bus equation
DC bus equation
VSC converter equation
DC network equation
The variables in the equations of (10)- (13) are referenced to the literature [14] .
The Mathematical Description of Newton Method.
The mathematical description of multivariable iterative form for Newton method is given by
The formula (14) has the second-order convergence [23, 28] . The equivalence form of linear equation solution for (14) is given by
where ( ( ) ) is the matrix variable of first-order partial derivative of ( ) and is the number of iterations.
The Newton-Type Method of Third-Order Convergence (Algorithm 1).
The single variable iterative algorithm format based on modified Newton-type method is given by
The iterative format of (16) has the trait of third-order convergence [29] .
The multivariable matrix equivalent form of (16) is given by
The gotten Jacobian matrix and its triangular factorization are being utilized fully in the algorithm iterative process of (17).
The Newton-Type Method of Third-Order Convergence (Algorithm 2).
Another single variable iterative algorithm format with third-order convergence based on Newton-type method is given by:
The iterative format of (18) has the trait of third-order convergence [30] .
The multivariable matrix equivalent form of (18) is given by:
The Newton-Type Method of Sixth-Order Convergence.
For the above presented Algorithm 1 and Algorithm 2, the two iterative formats have the advantages for fast convergence speed of Newton method and less computations of simplified Newton method. The application of Algorithm 1 and Algorithm 2 is a two-step process.
Step 1. The prediction based on the Newton method [23]
Step 2. The correction for the obtained predicted value of
The simplified realization of the iterative procedure for (20) and (21) is given by
where is the iterative result of +1 at the iterative cycle. An effective implement of the iterative process of (22) is given by [31] 
The approximate value of ( ) at is given by
The (16) or (18), (23), and (24) comprise the new sixthorder convergence method [31] :
The Automatic Differentiation Algorithm Based on Third-
Order Newton-Type Method. The AD technique could always be decomposed to complex computations of basic functions and basic mathematical operations, such as the four arithmetic operations of add, subtract, multiply, and divide, the basic functions of trigonometric function, exponential function, and logarithmic function. Here an instance is given to illustrate the application of AD. The function expression of a certain model is given by
The independent variables and intermediate variables of (26) are given in Table 1 . For the use of independent variables and intermediate variables, the function of (26) is decomposed to a series of basic functions. If the value of independent variables is given, the exact value of is gotten by top-down solution order in Table 1 . Given the value oḟ1 anḋ2, the differentiation of (26) can be obtained mechanically through the chain rule of differentiation calculation. At present, there are two main modes for the application of AD, the forward mode and the backward mode, as shown in Table 2 . And in Table 2 , , = / , = / . Now there are two kinds of implementation method for AD, the source code transform method and operator overloading method. The typical representative softwares for the former is ADIFOR and ADIC. The typical representative software for the latter is ADOL-C and ADC. The method of ADOL-C realizes the differentiation of C++ program automatically by using operator overloading and can calculate any order derivative by forward and backward mode. In this paper, the ADOL-C method is used to realize the differential operation [32] . The steps of the improved AD algorithm based on thirdorder Newton method are listed below.
Step 1. Read network parameter, including bus number, active and reactive power of load, compensate capacitance, branch number of line, resistor and reactance in series, and ratio and impedance of transformer.
Step 2 (initialization). Form the admittance matrix of the DC and AC systems.
Step 3. Distribute space for AD and state active variables, including independent variables and dependent variables.
Step 4. Transmit the value of system variable to active variable.
Step 5. Form the expression of dependent variable by using independent variable.
Step 6. Judge the maximum of imbalance equation whether to meet the error precision or not. If yes, exit the loop. If not, the loop goes on.
Step 7. Call the function of Jacobian and Hessian of AD.
Step 8. Solve the equation of (17) or (19) .
Return to Step 3.
Case Studies
In this part, in order to validate the correctness and suitability of the proposed algorithms, three sections are presented. (1) For the modified high-order Newton methods, the modified IEEE 30-bus system with two-terminal and multi-infeed VSC-HVDC is analyzed in detail firstly.
(2) Then the simulation results of performance comparisons for the improved high-order Newton methods are presented among the modified IEEE 5-bus, IEEE 9-bus, IEEE 14-bus, IEEE 57-bus, and IEEE 118-bus text systems.
(3) At last, the AD based on third-order Newton method is evaluated for the modified IEEE 30-bus system with two-terminal of VSC-HVDC.
The Modified IEEE 30-Bus System with Two-Terminal and
Multi-Infeed VSC-HVDC. The proposed method has been applied to the modified IEEE 30-bus system [33] . The wiring diagram is shown in Figure 2 . In this section, two cases are considered and compared. In Figure 2 , the dotted lines represent the possible positions of VSC stations, and the specific positions are located as follows.
(1) In the system with two-terminal VSC-HVDC, the VSC1 and VSC2 are connected to AC line of bus 29 and bus 30, respectively.
(2) In the system with two-infeed VSC-HVDC, the VSC1, VSC2, VSC3, and VSC4 are connected to AC line of bus 12, bus 14, bus 29, and bus 30, respectively. 
The Modified IEEE 30-Bus System with Two-Terminal VSC-HVDC.
The results of the power flow calculation of the AC system and DC system under different control modes for Newton, third-order and sixth-order Newton methods are shown in Tables 3 and 4 . In Table 3 , the simulation results of bus number of 1, 2, 3, and 4 are presented only, and the other buses of the modified IEEE 30-bus system are not included for the sake of brevity. There are two methods of third-order Newton in Tables 3 and 4 , Algorithm 1, and Algorithm 2. In Table 3 , the "Newton" method is the algorithm in the references of [5] [6] [7] [8] [9] [10] , the unit of is p.u., and the unit of is ∘ . It can be seen from Table 3 the voltage amplitudes of bus 1 and bus 2 are all the same for the proposed four methods. This is due to the node type of bus 1 and bus 2 for the IEEE 30-bus system. Bus 1 is the equilibrium node. And Bus 2 is the PV node. So in the iterative process of the proposed different methods, if the generators of bus 1 and bus 2 have not reached the limit of reactive power, the voltage amplitudes of bus 1 and bus 2 remain the same.
In Table 4 , the DC variables of Ud are the same for different control modes and Newton methods; the reason is that for the general used four control modes of VSC, all the mode combinations of A + C, A + D, B + C, and B + D contain the constant DC voltage control category. As a result, in the operation process of VSC-HVDC system, the DC voltage of VSC remains constant.
Both in Tables 3 and 4 , for the proposed algorithms of Newton, Algorithm 1, Algorithm 2, and sixth-order Newton method, the results of the power flow calculation for the four different control modes remain the same fundamentally. And the operational parameters of DC system are all in the normal range. The simulation results also illustrate the flexible application of the third-order and sixth-order Newton methods for the AC/DC system with VSC-HVDC.
The comparisons of iteration times and computing time for the four proposed Newton methods are shown in Table 5 . In Table 5 , the * indicates that the criterion for convergence is met only at the front half iteration procedure. As seen in Table 5 , for the modified IEEE 30-bus text system with twoterminal VSC-HVDC, the iteration times of sixth-order Newton method are evidently less than other Newton methods. And the CPU computing time of the third-order Newton of Algorithm 2 is smaller than other Newton methods under four different control modes. The reason is that for the modified IEEE 30-bus text system, the computation task of Jacobian matrix formation and triangular factorization for high-order Newton method is less than Newton method.
The Modified IEEE 30-Bus System with Multi-Infeed VSC-HVDC.
For the flexible control performance and particular technical advantages, the VSC-HVDC is suitable for application in multi-infeed system [5, 34] . In this section, the comparison of iteration times and computing time under different control modes for improved Newton methods is shown in Table 6 for the modified IEEE 30-bus system with two-infeed VSC-HVDC. For two-infeed VSC-HVDC, the combinations ways of VSC have ten different types, as shown in Table 6 .
It can be seen from Table 6 , both for the iteration times and the computing time, the high-order Newton-type of Table 7 . The simulation results of performance comparisons for those IEEE text systems among improved Newton methods are shown in Table 8 . The system topologies of two-terminal, two-infeed, and three-terminal are analyzed in this section.
It can be seen in Table 8 , as the size and scale of the IEEE text systems grow, the iteration times keep mostly unchangeable for the third-order Newton and sixth-order Newton methods. And the computing time of the third-order or sixth-order Newton method is less than the Newton method. The validity and usability of the proposed improved Newton method suitable for VSC-HVDC system are certified.
The Simulation Results of AD Based on Third-Order
Newton Method. In this part, the simulation results for AD algorithm based on Algorithm 1 and Algorithm 2 of third-order Newton method are presented. The IEEE-30 bus text system with two-terminal VSC-HVDC is employed to demonstrate the validity of the proposed AD algorithm. The results of the power flow calculation of DC system of control mode A + C are shown in Table 9 . The comparison of iteration times and computing time for the proposed AD algorithm is shown in Table 10 .
From the results of Tables 9 and 10 , the following can be seen.
(1) Compared with the results of Algorithm 1 and Algorithm 2 of third-order Newton method, as shown in Table 4 , the improved AD algorithm satisfies the operation requirements of VSC parameter.
(2) Compared with the results of Table 5 , for the iteration times and computing time, the improved AD algorithm has certain advantages.
(3) The result shows that AD technology is suitable for use in the third-order Newton method of VSC-HVDC system. And the application of AD technology reduces the work of hand code greatly. The efficiency of code programming is improved. 
Conclusions
In this paper, based on the steady mathematical model of VSC-HVDC, the modified third-order Newton and sixthorder Newton methods have been presented to calculate the power flow of AC/DC systems with VSC-HVDC. The multivariate iteration matrix forms of the presented algorithms suitable for VSC-HVDC system are given. The proposed high-order Newton method has the third-order and sixthorder convergence, without solving the Hessian matrix. The task of the calculation is greatly reduced, and the efficiency is improved. Based on the third-order Newton method, the automatic differentiation technology is used to increase the efficiency of hand code. Some numerical examples on the modified IEEE bus systems with two-terminal, multiterminal, and multi-infeed VSC-HVDC have demonstrated the computational performance of the power flow algorithms with incorporation of VSC-HVDC models.
